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Abstrat
We propose and study an improved method to alulate the fermioni determinant of dynamial
ongurations. The evaluation or at least stohasti estimation of ratios of fermioni determinants
is essential for a reently proposed updating method of smeared link dynamial fermions. This
update reates a sequene of ongurations by hanging a subset of the gauge links by a pure gauge
heat bath or over relaxation step. The aeptane of the proposed onguration depends on the
ratio of the fermioni determinants on the new and original ongurations. We study this ratio as
the funtion of the number of links that are hanged in the heat bath update. We nd that even
when every link of a given diretion and parity of a 10fm
4
onguration is updated, the average of
the determinant ratio is still lose to one and with the improved stohasti estimator the proposed
hange is aepted with about 20% probability. This improvement suggests that the new updating
tehnique an be eient even on large latties.
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I. INTRODUCTION
The use of smeared or fat links in staggered fermion ations has gained popularity in
reent years due to the improved avor symmetry these ations possess [1, 2, 3℄. Smeared
links are naturally part of most systemati improvement programs and many overlap fermion
formulations as well [4, 5℄. The main diulty that limits the use of smeared link fermions
is their potential omplexity in dynamial simulations. Unless the smeared links are lin-
ear ombinations of the original thin links the expliit form of the fermioni fore needed
for standard moleular dynamis simulations is very ompliated, making the HMC or R
algorithms impratial or even impossible. A reently proposed update for smeared link
dynamial fermions[6, 7℄ avoids this problem by reating a sequene of ongurations by
updating a subset of the gauge links by a pure gauge heat bath or over relaxation step.
The proposed onguration is aepted or rejeted aording to the hange in the fermioni
determinant. In fat one does not even have to evaluate the hange in the determinant, a
stohasti estimator an be used instead. That requires no more than the evaluation of the
inverse fermion matrix on a Gaussian random soure vetor.
The above outlined algorithm an fail in two ways. First, if the ratio of the fermioni de-
terminants is small, the aeptane rate is small. The algorithm an also fail if the stohasti
estimator gives a poor approximation of the determinant, making the autoorrelation time
of the simulation (i.e. the number of independent Gaussian random soures needed to get
a good estimate for the determinant) very large. In this paper we disuss systemati ways
to improve the stohasti estimator. With the improved estimator we alulate the ratio
of fermioni determinants as the funtion of the number of links updated with a heat bath
step, and show that it remains lose to one even if the updated volume is large. We illustrate
and test the method using staggered fermions with HYP smeared gauge links though the
generalization to any other smeared link ation is straightforward.
II. THE HYP ACTION AND ITS DYNAMICAL UPDATE
In this setion we dene the HYP ation and briey summarize the partial-global updating
tehnique. We onsider a smeared link ation of the form
S = Sg(U) + S¯g(V ) + Sf(V ) (1)
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where Sg(U) and S¯g(V ) are gauge ations depending on the thin links {U} and smeared
links {V }, respetively, and Sf is the fermioni ation depending on the smeared links only.
The updating method and all its improvements that we disuss in this paper would work
with any kind of smeared links {V }, though the eieny suers if the smeared links are
not smooth enough. In our work we use HYP smeared links with staggered fermions. The
HYP links are optimized non-perturbatively to be maximally smooth. The onstrution and
properties of HYP smearing are disussed in detail in Ref. [1℄.
We use a plaquette gauge ation for Sg(U)
Sg(U) = −
β
3
∑
p
ReTr(Up). (2)
We hoose S¯g(V ) to improve omputational eieny and we will disuss our spei hoie
in Set. III.C. The staggered fermioni matrix is dened in the usual way
M(V )i,j = 2mδij +
∑
µ
ηi,µ(Vi,µδi,j−µˆ − V
†
i−µˆ µδi,j+µˆ). (3)
The matrix M †(V )M(V ) is blok diagonal on even and odd lattie sites. In the following
we will denote the even blok by Ω
Ω(V ) = (M †(V )M(V ))even,even (4)
and dene the fermioni ation as
Sf(V ) = −
nf
4
Tr ln Ω(V ) (5)
to desribe nf avors of staggered fermions. In the following we onsider nf = 4 avors but
we will briey desribe the generalization to arbitrary avors at the end of Set. III.B.
In Refs. [6, 7℄ a partial-global heat bath and over relaxation updating method was
proposed to simulate the system desribed by Eq. 1. In this paper we are not onerned
about the update itself, but to motivate our interest in alulating the fermioni determinant
ratios we briey summarize the main points of the method. In the rst step of the update
one hanges a subset of the thin links {U} to propose a new thin gauge link onguration
{U ′}. The new links are hosen with a heat bath or over relaxed update that satises the
detailed balane ondition with the thin link gauge ation Sg(U). The smeared links {V }
and {V ′} are unique one the thin links are dened. Next the proposed onguration is
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aepted with the probability
Pacc = min{1, exp(−S¯g(V
′) + S¯g(V))
det(Ω(V′))
det(Ω(V))
}. (6)
The ratio of the determinants an be written as
det(Ω(V ′))
det(Ω(V ))
=
∫
dξξ∗ exp(−ξ∗Ω−1(V ′)Ω(V )ξ)∫
dξξ∗ exp(−ξ∗ξ)
= < exp(−ξ∗[Ω−1(V ′)Ω(V )− 1]ξ) >ξ∗ξ . (7)
The expetation value an be evaluated stohastially where on every gauge onguration
pair {U} and {U ′} only one random soure ξ is used to estimate the determinant ratio and
the expetation value is taken together with the onguration ensemble average. That leads
to the stohasti aeptane probability
Pstoch = min{1, e
−S¯g(V ′)+S¯g(V )e−ξ
∗[Ω−1(V ′)Ω(V )−1]ξ}. (8)
III. IMPROVING THE PARTIAL-GLOBAL UPDATE
The suess of the partial-global updating algorithm depends on two things. First, on
the ratio of the determinants of the new and old links, and next on the eetiveness of
the stohasti estimator. If the stohasti estimator utuates wildly, it an redue the
aeptane rate to pratially zero even if the hange in the determinant is atually small.
In the following we will disuss improving the stohasti estimator rst.
A. Improving the stohasti estimator
To alulate the aeptane probability we have to alulate the ratio of the determinants
det −1(A) =
det Ω′
det Ω
=< exp(−ξ∗[A− 1]ξ) >ξ∗ξ=< exp(−∆Sf ) > (9)
where Ω = Ω(V ), Ω′ = Ω(V ′) denote the old and new fermioni matrix, A = Ω′−1Ω and ξ is
a Gaussian random soure vetor. The standard deviation of this stohasti estimation an
be written as
σ2 = < exp(−2ξ∗[A− 1]ξ) >ξ∗ξ − < exp(−ξ
∗[A− 1]ξ) >2ξ∗ξ
= det −1(2A− 1)− det −2(A). (10)
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Eq. 10 is valid only if the matrix 2A− 1 is positive denite. If the matrix A has even one
eigenvalue that is less than or equal to 1/2, the formula in Eq. 10 is not valid, the standard
deviation is innite. There is no a priori reason to assume that the matrix A has no small
eigenvalues. This is a very serious problem that ould make the stohasti estimator useless
in dynamial alulations. If the fermioni matries Ω and Ω′ are lose, i.e. only a few links
are hanged in the update, A = Ω′−1Ω ≈ 1 and onsequently det(A) ≈ 1 and det(2A−1) ≈ 1
as well. However for an eetive updating method we would like to hange the onguration
at as many links as possible, whih makes the ourrene of a small eigenvalue likely. In
the following we propose a 2-step solution that an always be used to handle the small
eigenvalues in A.
First we follow the program of Refs.[6, 7, 8℄ and replae Ω and Ω′ by redued matries
Ωr = Ωe
−2f(Ω), Ω′r = Ω
′e−2f(Ω
′)
(11)
with f a yet to be determined polynomial . We an rewrite eq. 9 as
det Ω′
det Ω
=
detΩ′r
det Ωr
exp(2Tr(f(Ω′)− f(Ω)))
= < exp(−ξ∗[Ω′−1r Ωr − 1]ξ) >ξ∗ξ exp(2Tr(f(Ω
′)− f(Ω))). (12)
Sine Tr f an be alulated exatly, only the rst fator of the last expression is evaluated
stohastially. Its utuations are minimized if Ar = Ω
′−1
r Ωr ≈ 1. It is diult to optimize
the polynomial f both for Ω and Ω′ at the same time, instead we hoose f suh that Ω′−1r ≈ 1.
That also guarantees Ωr ≈ 1. Sine for staggered fermions the eigenvalues of the matrix
Ω an vary between 4m2 and 16 + 4m2, we hoose the polynomial f suh the the funtion
e2f(x)/x is lose to one in that range. In pratie we use a third order polynomial
f(x) = α0 + α2x+ α4x
2 + α6x
3
(13)
and hoose the oeients αi by minimizing the funtion
∆ =
∫ 16+4m2
4m2
(
1
x
e2f(x) − 1)2ρ(x)dx. (14)
The weight funtion ρ(x) should approximate the eigenvalue density distribution of the
fermioni matrix. We used a linear approximation for ρ
ρ(x) = x, x ∈ (4m2, 8 + 4m2)
= 16 + 8m2 − x, x ∈ (8 + 4m2, 16 + 4m2) (15)
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and onsidered mass values m = 0.01− 0.1. We have also tried more omplex forms for the
eigenvalue density that inluded higher order terms, all motivated by free eld alulations.
The results were not very sensitive to the spei hoie of ρ. We do not want to hange
the α parameters depending on the quark mass of the simulation so we deided to use the
following values in all ases
α0 = −0.34017
α2 = 0.35645
α4 = −0.030379
α6 = 0.000957. (16)
The eigenvalues of the redued matrix Ωr span a smaller range than the original fermioni
matrix. At mass am = 0.1 the smallest eigenvalue is inreased from 4m2 = 0.04 to about
0.08, while the ratio of the largest to smallest eigenvalue is redued from (16+4m2)/4m2 ≈
400 to about 14. At am = 0.04 the inrease in the smallest eigenvalue is from 0.0064 to
0.0125, while the redution in the ratio of the largest to smallest eigenvalue is from 2,500 to
about 95.
When expressed in terms of the redued matries the aeptane probabilities of Eqs. 6,8
ontain a new gauge-ation like term
Pacc = min{1, exp(−∆S¯g + 2∆f) < exp(−ξ
∗[Ω′−1r Ωr − 1]ξ) >ξ∗ξ}
Pstoch = min{1, exp(−∆S¯g + 2∆f) exp(−ξ
∗[Ω′−1r Ωr − 1]ξ)} (17)
with ∆S¯g = S¯g(V
′) − S¯g(V ) and ∆f = Tr(f(Ω
′) − f(Ω)). To alulate the expres-
sion ξ∗[Ω′−1r Ωr − 1]ξ requires multipliations with Ω, Ω
′−1
, and with the redution fators
exp(−2f(Ω)) and exp(2f(Ω′)). The exponentials an be expanded in a Taylor series and
approximated with a few terms. In [7℄ we found that it was suient to keep only 15 terms.
Later we will argue that it is better to replae Ωr and Ω
′−1
r themselves with a nite order
polynomial.
To omplete the evaluation of the determinant and aeptane probabilities we still have
to alulate the trae of f(Ω). Tr f(Ω) an be expressed as the ombination of the plaquette
and the three 6-link loops of the smeared links V. It is a fairly straightforward alulation
giving
Tr f(Ω) = (−8β4 + 336β6)
∑
n
ReTr n +
6
12β6[−
∑
n
ReTr n −
∑
n
ReTr✏
✏
n +
∑
n
ReTr✏
✏
n − δNt,6
∑
n
ReTrPn] + const, (18)
where the summation is over all distint objets in the lattie. Pn is the Polyakov line that
gives a ontribution on latties of size N = 6. Latties that are smaller than 5 in any
diretion would have additional ontribution of length-6 overlapping loops. Eq. 18 is not
valid in that ase. The oeients β are related to the quark mass and the optimized α
parameters of Eq. 16 as
β0 = α0 + α2 · 4m
2 + α4 · (4m
2)2 + α6 · (4m
2)3
β2 = −α2 − α4 · 2 · 4m
2 − α6 · 3 · (4m
2)2
β4 = α4 + α6 · 3 · 4m
2
β6 = −α6. (19)
In Ref. [6℄ we used a similar redution using a seond order polynomial for f. There
we determined the α2 and α4 oeients by trial and error attempting to maximize the
aeptane rate in Eq. 6. The values we obtained there are onsistent with what we would
determine now with the minimization proedure. Inreasing the order of the redution
polynomial further gives only slight improvement but would require the evaluation of Tr Ω4
and higher order terms in Tr f , a onsiderable omputational task.
The polynomial redution of the fermioni matrix results in onsiderable improvement in
the evaluation of the determinant ratio but it is not suient to guarantee that the standard
deviation of the stohasti estimator is nite or small. To ahieve that we now proeed to
rewrite the redued fermioni determinant ratio as
det −1Ar = det
−nA1/nr
= < exp(−
n∑
j=1
ξ∗j [A
1/n
r − 1]ξj) >ξ∗j ξj (20)
with n an arbitrary positive integer. The expetation value is evaluated with n independent
ξj random vetors and the standard deviation beomes
σ2 = det −n(2A1/nr − 1)− det
−2(Ar). (21)
σ2 is nite if none of the eigenvalues of the matrix Ar is smaller than or equal to 2
−n
. This is
a muh easier ondition to satisfy then the one before. With the redued matrix, assuming
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that the smallest eigenvalue of Ar is not smaller than the produt of the smallest eigenvalues
of Ωr and Ω
′−1
r , n = 4 is suient to guarantee the niteness of the standard deviation at
am = 0.1, and n = 8 is suient at am = 0.04. For small standard deviation one might
need to use larger n values, but with any mass am 6= 0 and matrix Ar it is possible to hoose
n suh that the standard deviation is nite and small. The ost of this improvement is that
we have to evaluate the expression ξ∗(A1/nr −1)ξ n times for one estimate of the determinant.
The nth root of the matrix Ar an be approximated with polynomials to arbitrary prei-
sion [9, 10℄. Sine the order of the matries in the determinant are irrelevant, we write the
nth root of the matrix as
A1/nr = Ω
′ −1/2n
r Ω
1/n
r Ω
′ −1/2n
r . (22)
We found that breaking up Ω′ −1/nr to two idential terms and separating them with the less
singular Ω1/nr improves the stohasti estimator. The terms Ω
1/n
r and Ω
′ −1/2n
r are approxi-
mated with polynomials
Ω′ −1/2nr = Ω
′ −1/2n exp(f(Ω′)/n) = P
(2n)
l (Ω
′),
Ω1/nr = Ω
1/n exp(−2f(Ω)/n) = Q
(n)
k (Ω), (23)
where P
(2n)
l and Q
(n)
k are l and k order polynomials of the fermioni matries Ω and Ω
′
. To
redue the errors of the polynomial approximation we write the exponent in the stohasti
estimator as
ξ∗[A1/nr − 1]ξ = ξ
∗P
(2n)
l (Ω
′)Q
(n)
k (Ω)P
(2n)
l (Ω
′)ξ − ξ∗P
(2n)
l (Ω
′)Q
(n)
k (Ω
′)P
(2n)
l (Ω
′)ξ. (24)
The neessary order for the polynomials P and Q vary with the quark mass but we found
that in most ases fairly low orders are suient.
At this point the generalization of the partial-global updating method to arbitrary avor
number is straightforward. To desribe nf avors we have to replae the determinant ratio
in Eq. 6 by its nf/4th power. That an be easily done by summing up to
nf
4
n only in Eq.
20. The polynomials P and Q do not have to be hanged and smaller n will be suient for
the same standard deviation of the determinant.
B. Calulating the determinant ratio
To illustrate the improved estimator, in this setion we alulate the ratio det(Ω′)/ det(Ω)
for a spei onguration pair. We hose {U} from a onguration set that was generated
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Figure 1: The stohasti estimator for det(Ω′)/det(Ω) using a) the naive estimator with f = 0 ,
b) the estimator with improved f given in Eqs. 13, 16 and ) the form of Eq. 20 with n = 8 and
improved f .
with the HYP dynamial ation at β = 5.2, am = 0.1, and S¯g(V ) = 0. The sale at these
parameter values is r0/a = 3.0(1) and mpi/mρ ≈ 0.8 [7℄. We updated 300 random links of
{U} with a heat bath step orresponding to a β = 5.2 plaquette gauge ation to reate the
{U ′} onguration. To alulate the determinant ratio we use Eq. 12 with f = 0, with the
improved f given in Eqs. 13, 16, and also using the formula of Eq. 20 with n = 8 and the
improved f. We alulate the expetation value using 500-1500 random vetors. Figure 1
shows the stohasti estimator for the three ases. One ould not guess from the gure that
the three estimators desribe the same quantity. The naive f = 0 estimator is 15 orders of
magnitude smaller than the improved ones. How is that possible? The average < e−∆Sf >
will be the same for all three estimators, but for the naive one the average will ome from
many almost zero values and an oasional large one. That oasional large value is so rare
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that we did not even enounter it in 500 samples. The improved estimator with n = 1 looks
muh more reliable and it predits
det(Ω′)
det(Ω)
= 0.81(12), n = 1. (25)
The estimator with n = 8 is even better. With only a third of the statistis of the n = 1
ase it predits the determinant ratio as
det(Ω′)
det(Ω)
= 0.77(2), n = 8. (26)
That does not mean that the aeptane rate of the partial-global update is lose to 80% if
we update 300 links at a time. The aeptane rate is better desribed by the expetation
value
< min{1, e−∆Sf} >ξ∗ξ= 0.32(1), n = 1,
= 0.65(1), n = 8. (27)
One should remember that the above values orrespond to a spei pair of ongurations.
Before alulating the determinant ratio on an ensemble of ongurations we rst disuss a
modiation of the gauge ation.
C. Choosing the gauge ation S¯g(V )
In the previous hapter we showed how to remove the most singular part of the inverse
fermion matrix by multiplying it with a fator exp(2f(Ω)). The hange in the fermion
determinant is ompensated by the additional term exp(2Tr(f(Ω′)−f(Ω))) in the stohasti
estimator that an be alulated exatly. With f(Ω) a third order polynomial Tr f(Ω) is
a ombination of the plaquette and 6-link loops of the smeared links as given in Eq. 18.
While it is straightforward to evaluate f(Ω), it is not a ompletely negligible omputational
ost. On the smeared link lattie the plaquette and the 6-link loops are very orrelated and
Tr f(Ω) an be approximated by the plaquette term only, thus reduing the omputational
overhead. In general we hoose the gauge ation S¯g(V ) as
S¯g(V ) = 2Tr f(Ω)− 12β6δNt,6
∑
n
ReTrPn −
γ
3
∑
n
ReTr n. (28)
Here we have inluded the Polyakov line term expliitly, i.e. S¯g(V ) is the ombination of the
4 and 6-link gauge loops only, it ontains no loops losed beause of the periodiity of the
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lattie. Like before, this ation should not be used if in any diretion the lattie is smaller
than 5. With this hoie for S¯g(V ) the gauge term in the aeptane probability in Eq. 17
simplies to
−∆S¯g + 2∆f = 12β6δNt,6
∑
n
(ReTrP ′n − ReTrPn) +
γ
3
∑
n
(ReTr n − ReTr n
′). (29)
We an hoose the oeient γ to aount for the 2Tr f(Ω) term, or even better, we an
hoose it to maximize the determinant ratios and the aeptane rate. Then we not only
avoid the omputation of the term exp(2Tr(f(Ω′)− f(Ω))) in Eq. 17 but an also inrease
the eieny of the updating algorithm.
When we write the gauge ation as Sg(U) + S¯g(V ), we break up the gauge term into
two piees. We use the rst term Sg(U) in the heat bath update and inlude the seond
one, S¯g(V ), in the aept-rejet term. Suh a break-up usually lowers the aeptane rate,
espeially if the seond term utuates onsiderably. With the hoie of Eq. 28 S¯g(V )
atually anels an other utuating term, 2∆f , and the algorithm should get more eient.
The introdution of the plaquette term proportional to γ ould ompromise the eieny.
Sine the smeared plaquette term does not utuate muh, a small γ oeient does not
harm the aeptane rate muh. How should we hoose the oeient γ? Aording to Ref.
[7℄ the HYP ation with S¯g(V ) = 0 at β = 5.2, am = 0.1 has lattie spaing a ≈ 0.17fm. In
the global heat bath update the links of the ongurations are updated with a pure gauge
ation of gauge oupling β = 5.2. The pure gauge ongurations at this oupling are very
dierent form the dynamial ongurations. The orrelation length that haraterizes the
large distane behavior is muh smaller on the pure gauge ongurations. At short distanes
the average plaquette on the dynamial ongurations is < ReTr >dyn= 1.45 while on the
pure gauge ongurations the average plaquette is muh smaller, < ReTr >β=5.2= 1.30.
The gauge ation that we use to reate new ongurations does not math the dynamial
ation neither at long nor at short distanes. One would expet that the partial-global
update is most eetive when the pure gauge ongurations of the heat bath step are lose
to the dynamial ongurations. This suggests that in order to maximize the eieny of
the partial-global update we an try to math the short and/or long distane utuations
of the heat bath and dynamial ations. To math the short distane utuations we an
require that the average plaquette of the heat bath update ation and the dynamial ation
are lose. This ondition requires dierent γ oupling at dierent quark masses and gauge
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oupling values but hoosing
γ = −0.1 (30)
oers a good ompromise. The hoie γ = 0.0 is not muh worse and leads to a somewhat
simpler ation, but in the following we will use γ = −0.1. By onstrution now the small
sale utuations of the pure gauge heat bath ation and of the dynamial ation are about
the same. The modiation also improves the mathing of the large distane orrelations.
With the new ation, in order to reprodue the lattie spaing a = 0.17fm of the β = 5.2,
am = 0.1, S¯g(V ) = 0 ation, we have to hoose the gauge oupling β = 5.65 while keeping
am = 0.1. The lattie spaing of the pure gauge model at β = 5.65 is almost 0.17fm, a very
good agreement. At smaller quark masses the same lattie spaing requires a smaller gauge
oupling β suggesting that a slightly larger γ value would be the optimal one. At this point
we feel that the dierene is not signiant to justify a quark mass dependent oupling.
By hoosing the gauge ation S¯g(V ) aording to Eq. 28 we modify the dynamial ation.
This modiation will not aet the perturbative properties of the smeared link ation as the
terms in S¯g(V ) are independent of the thin link gauge oupling and will beome negligible
in the ontinuum limit. At nite lattie spaing the new terms ould hange the saling
behavior of the system and their eet should be investigated.
IV. DETERMINANT RATIOS WITH THE MODIFIED ACTION
In this hapter we investigate the fermioni determinant ratios on ongurations gener-
ated with the modied ation of Eqs. 28, 30. We will use two sets of ongurations. Both
sets ontain about 100 8324 latties. The rst one was reated at β = 5.65, am = 0.1 and
has lattie spaing a = 0.17fm (r0/a = 2.95(5)) and mpi/mρ ≈ 0.70. The seond set is
at ouplings β = 5.55, am = 0.04 with lattie spaing a = 0.17fm (r0/a = 2.88(6)) and
mpi/mρ ≈ 0.55. On both sets we reated pairs of ongurations by updating a random sub-
set of the original thin links with a heat bath step orresponding to the thin link pure gauge
ouplings, i.e. β = 5.65 and β = 5.55. On eah pair we alulated the modied determinant
ratio exp(−∆S¯g) det
−1(ΩΩ′−1) using Eqs. 7,20,24 with 400(800) random soure vetors with
n = 4(8) break-up of the determinant, i.e. we estimated the determinant value from 100
independent measurements on eah onguration pair. We alulated the determinant both
with relatively small order polynomials (order 16 to 32) and higher order polynomials (order
12
Figure 2: The distribution of the modied fermioni determinant ratios on onguration set I. a)
tHB = 3000 links are updated with a heat bath step and the determinant ratios are alulated with
n = 4 (dotted lines) and n = 8 (solid lines) determinant break-up. b) all links of a given diretion
and parity (tHB = 6144) are updated at one and the determinant ratio is alulated with n = 8
break-up.
64 to 128) to monitor possible systematial errors. The dierene between the small and
higher order approximations is small and well within the errors of the nal results. The
numbers we present here were obtained with the higher order polynomials.
Figure 2 shows the distribution of the modied determinant ratios on 80 onguration
pairs from set I. The histogram of gure 2/a orresponds to determinant ratios on on-
guration pairs that dier at 3000 links. The solid lines shows the distribution measured
with n = 8, the dotted lines with n = 4 determinant break-up. The two measurements are
onsistent prediting
< e−∆S¯g det −1(ΩΩ′−1) >set I= 0.80(13), tHB = 3000 (31)
for the determinant and
< min{1, e−∆S¯g det −1(ΩΩ′−1)} >set I= 0.54(5), tHB = 3000 (32)
for the aeptane rate as dened in Eq. 6. While the n = 4 and n = 8 measurements
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Figure 3: The onguration average of the stohasti aeptane rate < Pstoch >U on the ongura-
tion set I as the funtion of the number of links touhed in the heat bath update. Bursts orrespond
to n = 8, otagons to n = 4 break-up of the determinant. The rosses orrespond to the aeptane
rate using the determinants as dened in Eq. 6.
agree in their predition of the determinant ratios, they dier onsiderably in their standard
deviation. The average standard deviation as dened in Eq. 21 of the n = 4 alulation is
σn=4 = 3.5(8) while for n = 8 it is σn=8 = 1.8(3). The standard deviation of the determinant
measurement an inuene the autoorrelation time of a simulation as that depends both
on the eetiveness of the gauge update and on the error of the stohasti estimator. A
fator of two inrease in the standard deviation of the determinant ould require up to a
fator of four inrease in the number of stohasti estimators, inreasing the autoorrelation
time aordingly. The extra omputational ost of breaking the determinant up to n = 8
instead of n = 4 parts ould be easily ompensated with the redued autoorrelation time.
Whether it is worth using even larger number of terms should be investigated at dierent
quark masses separately.
With the heat bath update we hange a random set of links of given diretion and parity.
On an 8324 onguration a maximum of 6144 links an be hanged at one. In gure 2/b
we show the modied determinant ratio distribution when we update all 6144 links of a
14
randomly hosen diretion and parity. This result was obtained with n = 8 break-up. The
average of the determinant ratios
< e−∆S¯g det −1(ΩΩ′−1) >set I= 0.71(10), tHB = 6144, (33)
and the aeptane rate as dened in Eq. 6
< min{1, e−∆S¯g det −1(ΩΩ′−1)} >set I= 0.44(4), tHB = 6144 (34)
are not muh dierent from the previous tHB = 3000 values, though the average standard
deviation is worse, σn=8 = 2.7(6). To us this is a surprising result: on a 10fm
4
, 8324 lattie we
an perform a heat bath update on all the links in a given diretion and parity, the maximum
that an be updated on this volume simultaneously, and aept this hange with lose to
50% probability. The onguration average of the stohasti aeptane rate < Pstoch >U
of Eq. 8 is not that high. Figure 3 ompares the average stohasti aeptane rate as the
funtion of the links touhed in the heat bath update both for n = 4 and n = 8 determinant
break-up and the aeptane rate from the determinant as dened in Eq. 6. With n = 8
the stohasti aeptane rate is lose to 20% if tHB = 6144 and about 30% if tHB = 3000.
The stohasti aeptane rate with n = 4 is somewhat lower. Even though these values
are smaller than the maximal ones predited by the determinants themselves, they are still
quite large. What parameters would provide the best hoie in an atual simulation depends
on many things: the number of links that eetively hange in an update step, the ost of
inreasing the breakup of the determinant, and on the autoorrelation time of the simulation.
The study of these questions is beyond the sope of the present paper and we will return to
them in a future publiation.
Figures 4 and 5 are the same as gures 2/a and 3 but for onguration set II. Most
fermioni methods lose some eieny at smaller quark masses and the stohasti estimator
is no exeption. While the average of the determinant ratios
< e−∆S¯g det −1(ΩΩ′−1) >set II= 0.8(2), tHB = 3000, (35)
is not muh dierent from the set I ongurations, the aeptane rate as dened in Eq. 6
is smaller
< min{1, e−∆S¯g det −1(ΩΩ′−1)} >set II= 0.35(7), tHB = 3000. (36)
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Figure 4: The distribution of the modied fermioni determinant ratio on onguration set II.
tHB = 3000 links are updated with a heat bath step and the determinant ratios are alulated with
n = 4 (dotted lines) and n = 8 (solid lines) break-up.
Whether this derease is due to the smaller quark mass or reets the fat that the pure gauge
heat bath ation does not math the dynamial ation well is worth further investigation.
To math the stohasti aeptane rate of set I with n = 4 determinant break-up we have
to use n = 8 on set II as gure 5 shows.
V. CONCLUSION
In this paper we proposed an improved method to alulate the fermioni determinant
of dynamial ongurations. The method is very general but relies on the smoothness of
smeared gauge links. To test the method we onsidered dynamial ongurations, updated a
large subset of their links with a pure gauge heat bath step, and alulated the ratios of the
fermioni determinants on the old and new ongurations. We found that even if all the links
of a given diretion and parity of an 8324, 10fm4, mρ/mpi = 0.7 onguration are updated
at one, (6144 links in all), the fermioni determinant ratio is still fairly large and suh a
hange would be aepted by a Metropolis aept-rejet step with about 50% probability.
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Figure 5: The onguration average of the stohasti aeptane rate < Pstoch >U on the on-
guration set II as the funtion of the number of links touhed in the heat bath update. Bursts
orrespond to n = 8, otagons to n = 4 break-up of the determinant. The ross orresponds to the
aeptane rate using the determinants as dened in Eq. 6.
Using only a single stohasti estimator for the determinant redues the aeptane rate
to 20% but still oers an eetive update. On ongurations with smaller quark masses
the stohasti estimator loses some eieny. When mρ/mpi = 0.55 only about half that
many links an be updated at one time with 20% stohasti aeptane rate though the
determinants stay about the same as with larger quark masses.
We have not used the fully improved method in dynamial simulations yet, nor did we
optimize all its parameters. The optimization requires tuning the parameters of the ation
and alulating autoorrelation times with dierent determinant break-up and updating
steps. This work is in progress and the results will be reported in a forthoming publiation.
Aknowledgments
A. H. would like to thank the hospitality of the Institute of Nulear Theory, University of
Washington at Seattle, where part of this work was arried out. She is partiularly indebted
17
to Prof. I. Montvay who not only shared his polynomial tting ode but gave valuable help
and advie in modifying it for this projet. We reeived useful omments regarding this
manusript from Profs. T. DeGrand and P. Hasenfratz. A.H. beneted from many inspiring
onversations with Franeso Knehtli.
[1℄ A. Hasenfratz and F. Knehtli, Phys. Rev. D64, 034504 (2001), hep-lat/0103029.
[2℄ K. Orginos, D. Toussaint, and R. L. Sugar (MILC), Phys. Rev. D60, 054503 (1999), hep-
lat/9903032.
[3℄ G. P. Lepage, Phys. Rev. D59, 074502 (1999), hep-lat/9809157.
[4℄ P. Hasenfratz, S. Hauswirth, K. Holland, T. Jorg, and F. Niedermayer (2001), hep-lat/0109004.
[5℄ T. DeGrand (MILC), Phys. Rev. D63, 034503 (2001), hep-lat/0007046.
[6℄ F. Knehtli and A. Hasenfratz, Phys. Rev. D63, 114502 (2001), hep-lat/0012022.
[7℄ A. Hasenfratz and F. Knehtli (2002), hep-lat/0203010.
[8℄ M. Hasenbush, Phys. Rev. D59, 054505 (1999), hep-lat/9807031.
[9℄ I. Montvay, Nul. Phys. B466, 259 (1996), hep-lat/9510042.
[10℄ I. Montvay, Comput. Phys. Commun. 109, 144 (1998), hep-lat/9707005.
18
